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The behaviour of the stress tensor under conformal transformations of both flat and curved
spaces is investigated for free theories in a classical background metric. In flat space R? it is
derived by the operator product expansion of two stress tensors. For Weyl transformations of
curved manifolds it is given by the effective potential for the metric. In four dimensions the
general form of the potential and its consistency conditions are analysed. These issues are relevant
for the possible generalizations of the central charge in higher dimensions. The related subject of
the Casimir effect is studied by means of closed expressions for the bosonic partition function on
the manifolds T4 and S' X S~ L. The general relationship between the Casimir effect on R X S9!
and the trace anomaly is emphasized.

1. Introduction

The study of the conformal invariant field theory in two dimensions has led to
rather remarkable results [1]. The theory is labelled by a number, the central charge
¢ of the Virasoro algebra [2]; moreover for 0 < ¢ <1 the requirements of unitarity
[3] and existence of the partition function on a torus [4] completely determine the
scaling dimensions and the multiplicities of the fields, leading to a classification of
conformal theories [5]. Explicit realizations of these theories are provided by
statistical models at the critical point; in their continuum formulation, they exhibit
local scale invariance. This identification yields exact critical exponents and univer-
sality classes.

In this paper we investigate some of these methods in higher dimensions, having
in mind their possible applications to critical phenomena. First of all, we must
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explain what we call a conformal transformation in higher dimensions. Actually,
there are two approaches which coexist in two dimensions, but are rather different
in higher dimensions.

In the first, more general approach, the field theory is defined on a manifold with
classical background metric g,,, by an euclidean action S [8,., ®] of some fields ¢. A
conformal transformation is a local scale transformation of the metric

gp,v(x) = ezo(X)g;:v('x) 4 (1.13.)

in which the coordinates are left fixed; this is also called a Weyl transformation [6].
The “elementary” fields transform according to their scaling dimension 4, indepen-
dently of their spin

¢(x) =e"™¢'(x), (1.1b)

The variation of the action under an infinitesimal change of the metric defines the
stress—energy tensor T,,

3S[g*, o] =S[g" +8g*,0+8¢] - S[g", ]
1 d nv
= Z_Sdfd X2 T,.8g", (1.2)

which we normalize by including the factor S, = 279/?/I'(d/2), the area of the unit
sphere S~ in R It follows that theories invariant under local transformations
(1.1) have a traceless stress—energy tensor at the classical level. Moreover,
reparametrization invariance,

xt— x™=x*+ E*(x), (1.3a)
8g" = DA’ + D", (1.3b)

leads to covariant conservation of T,,, D*T,, = 0. The quantization of the field ¢

must preserve this property in order to have consistent results in different coordi-
nate patches. Then, the former invariance is in general broken, leading to the
conformal (trace) anomaly [7]. This is, in two dimensions

(TF") = —5¢R, (1.4)
where R is the scalar curvature*.

*1In eq. (1.4) we use the notation of ref. [8] for R and we omit a constant term, because we set
(T,,> =0 in flat space.
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The second, more familiar approach, sets the theory in flat space and consider
local coordinate transformations (1.3), possibly singular at some points, which scale
the metric as in eq. (1.1a). This implies the conditions

2
H‘LE,,-i-i),,gﬂ:E(E)-s) 8, (1.5)

The infinitesimal decomposition

dx’ 1 a-§
= + —
dx* d

a-¢
o+ s(ae - )] (1= 5 are s, 0,89

=(1-o(x))R;(x)S5(x), (1.6)

shows that these transformations are made of a local dilatation ¢(x) and rotation
R’,(x), the shear part being absent, S =,

As a consequence, the fields are scaled and also displaced and rotated. In any
dimension d there are fields which transform homogeneously, for example

@(x) > exp(~4o(x))p(x),

v

A4,(x) ~ exp(— (4= Do () T 4,(x),
dx dx’®
B (x) = exp(— (4 = 2)0(x) o < Bua(¥), (1.7)

for dimension A and spin zero, one and two, respectively; exp(do) = det(dx/dx’) is
the Jacobian. In the Weyl-invariant theory this corresponds to a Weyl transforma-
tion composed with a reparametrization giving back the flat metric. The infinitesi-
mal form is

?(x) = o(x) +dp(x) =o(x) +

A
@9+ E)p,

A4,(x) > A,(x)+84,(x)=4,(x)+

A
29+ D400
(08— 8) 4,(5).

B,,(x) — B,,(x) +8B,,(x) = B,,(x) +

A
209+

+3(8,8% - 3°¢,) B,,(x) + 3(9,6# — 9%¢,) B,5(x).
(1.8)
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The Ward identities follow by inserting the two sides of eq. (1.8) in correlation
functions averaged with action S and S + 85, respectively.

In two dimensions, the conditions (1.5) are solved by analytic reparametrizations
£(z) of z=x"+ix” and antianalytic £(Z) of Z=x! —ix? they form an infinite-
dimensional algebra and given local Ward identities, which put stringent conditions
on the dynamics of the theory [1]. The fields transforming according to egs. (1.7)
and (1.8) are called primary fields. Since the coordinate transformations yield an
infinite subset of Weyl transformations of the metric, these two approaches are,
from the physical point of view, very similar, because both test the theory for local
scale transformations.

In higher dimension d, the conditions (1.5) leave only the finite algebra
so(d + 1,1) of translations, dilatations, rotations, and special conformal transforma-
tions

£ (x) =b*+ AxP+ 0" x" + a*x®> - 2(a- x) x*, (1.9)

where b*, A, w,, = —w,,, a* are the respective parameters. The fields transforming
homogeneously, egs. (1.7) and (1.8), under transformations (1.9) are called quasi-
primary. Conformal invariance in four-dimensional flat space was analyzed in detail
in the literature [9-13], especially in the hamiltonian operatorial formalism. It gives
less conditions than in the two-dimensional case.

Therefore, we are led to follow the first, more general, approach in higher
dimension, and to consider theories classically invariant under the infinite algebra
(1.1) in a curved space; in the following we shall speak of conformal invariance in
this sense. These theories are invariant under coordinate transformations (1.9) in flat
space, that we shall refer to as “regular” conformal transformations. In this paper
we shall work out some explicit examples for the free bosonic and fermionic field
theories, which already display non-trivial properties under conformal transforma-
tions. We shall also present results which are valid for a larger class of theories.

An important issue of conformal theories is the transformation of the stress
tensor: in two dimensions it is, for z — z’ =z + £(2), |§| < 1,

dé¢ . d3¢
T,(z)>T,(z)+ 8T, (z)= (1 + 2:1;)12(2 +&)+ EC‘CE?
T 2 . T d T 1 d% 1.10
=T, +2( — T, + & — Le—s . .
zz (dz) zz g(dz zz) + 12cdz3 ( )

We see that eq. (1.10) contains the homogeneous terms for a primary field of spin
and dimension two, eq. (1.8), and an anomalous term which gives the central
extension in the Virasoro algebra. There is a one-to-one correspondence between the
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transformation (1.10) and the operator product expansion (OPE) [1]

c 2 1 a
T, (z)T,,(w)~ + T, (w)+———T, (w
() = S+ o Tl + o 5 ()
+ regular terms for z = w. (1.11)
It is given by the Ward identity
dz
8T..(w) = P Z—£(2)T,.(2)T,.(w), (1.12)
c2wi

where C is a contour around the point w: the singular terms of eq. (1.11) determine
the contour integral and give eq. (1.10); conversely one represents eq. (1.10) as a
Cauchy integral and determines the singular terms of eq. (1.11) because £(z) is an
arbitrary analytic function. Actually, eq. (1.11) is a local form of the Ward identity
(1.12).

In sect. 2, after introducing the free bosonic and fermionic theories invariant
under eq. (1.1) and their stress tensors, we compute the OPE T,,(x)T,,(0) in flat
space R by the Wick theorem. The O(|x — y| %) and O(|x — y| ~**1) singularities
determine the transformation of T,, under eq. (1.9) by means of an analogous Ward
identity derived in ref. [13]. One verifies that T,, is a quasi-primary field, i.. it
transforms homogeneously as in eq. (1.8). However, in higher dimensions many
different forms of the OPE are compatible with the transformation law, because
£M(x) in eq. (1.9) is not an arbitrary function.

The leading singularity O(|x —y|~2“) is a unique function determined up to a
constant [10,13], which can be considered as a generalization of the central charge;
we shall give its value for the free field theories. One expects that T,, develops
anomalous terms for more general transformations (1.1a), as in two dimensions, eq.
(1.10); their relation to the OPE T,,T ,, in particular to the leading singularity, is
presently unrevealed.

On the other hand, these anomalous terms are determined from the trace
anomaly. The effective potential for the conformal factor o(x) in eq. (1.1a) is
considered

F[guv’ g;.:v = e_2og;w] = —log Z[gp,y] + log Z[g;:v] > (113)

where Z{g,,] is the partition function. This is obtained by integration of eq. (1.2)
along a conformal transformation (1.1) and it involves the trace anomaly [1]. The
variation of I' with respect to g,, gives the expectation value (T,»- In two
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dimensions, one gets for infinitesimal transformations

d%8o
dz? -’

(T.u(2))g, = (T/(2)) g, — be (1.14)

The relation with eq. (1.10) follows by composing the conformal transformation
with a reparametrization z — z’=z+ £(z) giving back the flat metric; then
80 = — J(d¢/dz+dé/dz) and T/ (z)=(dz’'/dz)*T/,(z’). Under reparametriza-
tions, T, transforms without anomalous terms because we assumed the general
covariance of the quantum theory. The method of the effective potential extends to
higher dimension for conformal invariant theories; the first non-trivial case — four
dimensions — will be discussed in detail by developing refs. [14,15].

Besides their theoretical interest, the anomalous term in the transformation of T,,
determines in two dimensions the vacuum energy E, — the Casimir effect — in the
finite geometry of the strip [0, T] X S!, with S! of radius . In the limit 7 — oo, it is
a cylinder and one has [16]

1 c
lim —logZ=-E,= .
T T 122

(1.15)

(The volume and surface terms are subtracted in log Z, in order to have E,= 0 for
% — c.) Since the cylinder is related to flat space by a conformal transformation
(1.1), eqgs. (1.13) and (1.14) apply for (T,,) and determine E,.

In sect. 3, the partition function of the scalar field is obtained in closed form for
two interesting manifolds which generalize the strip, the torus T¢=(S!)4 and the
manifold S' X S?~1. This yields the corresponding Casimir effects. The expressions
of the partition functions may also be useful in the related subject of quantization of
membranes [17].

In sect. 4, we apply the method of the effective potential, egs. (1.13) and (1.14), to
relate the trace anomaly to the Casimir effect on the cylinder R X S¢~!, which is
conformally equivalent to flat space R¢ [18,19]. As a result, E, vanishes in odd
dimensions, due to the absence of gravitational trace anomaly. In four dimensions,
the effective potential is obtained for the general form of the gravitational trace
anomaly. This yields the anomalous transformation of (T,,) and the value of E, on
S*X R in terms of parameters in the trace anomaly. E, agrees with the direct
calculation of sect. 3. Moreover, we show that the Wess—Zumino consistency
condition [20] on the effective potential rules out one term in the trace anomaly for
a conformal invariant theory.

In summary, three quantities are studied: the stress tensor OPE, the trace
anomaly and the Casimir energy. They are related by the transformation properties
of T,, and provide possible generalizations of the central charge in higher dimen-
sions. The relation between the trace anomaly and the Casimir energy in any
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dimension is clarified; that between OPE and trace anomaly is left to future
developments of this work.

2. Operator product expansion of the stress tensor

2.1. STRESS TENSOR OF FREE THEORIES

A real scalar field ¢(x) on a d-dimensional Riemannian manifold with metric
g,,(x) has the action [6]

S[8s @1 =1 [ d*x/g (70,0 0,0 + £R¢?). (2.1)

For £=(d—2)/4(d—1), it is invariant under conformal transformations (1.1)
where A = 3(d — 2) is the scaling dimension of ¢.

The stress-energy tensor is obtained by the variation of the action with respect to
the metric, according to eq. (1.2). In the classical theory, the variation of the matter
field @ can be neglected because it gives a contribution proportional to the
equations of motion, while in the quantum theory we are not allowed to use them in
general. Then, the correct expression of T,, to be quantized later is obtained by
varying both the metric and the field. Away from d=2, ¢ acquires a physical
dimension and then it is sensitive to the local scale variation associated with §g**.
By requiring the invariance of the dimensionless scalar @(det g#,,)A/ 24 we obtain the
transformation law

A
8w (%) 88" (x)o(x), (22)

dp(x) = >4

which generalizes eq. (1.1b). We use the variational formulae
8/g = —1Vg8,,88",
SR=R,,8g" + (g%, — 826°)D, D, 85", (2.3)

where D, is the covariant derivative, and we discard boundary terms in the
integration by parts. The result is
T,. d-2 ( 1 ) 5

@

- R, ——g. R
S, #Hd-1\"mT g8

1
————|digdp— By pd
2(d_ 1) ( p,q) y(p gp,vg (x(p ,B(p

d—2
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which agrees with ref. [6]. This tensor is symmetric, traceless without the use of the
equations of motion and covariantly conserved with the use of them, as it should be.
In the flat space R it reduces to

T 4 P9 gd -2 3.9 2
= —— P« —_— 5
s, 2d—1) w | 2P P = — 90, 99 (2.5)

where P = 1878F + 38887~ (1/d)g,,g* is the projector on the traceless sym-
metric part. Notice that the canonical stress tensor for the theory in flat space,
defined by eq. (1.2), with egs. (1.3) for 8g**, is not necessarily traceless at the
classical level. The invariance of the action under regular conformal transformations
(1.9) requires only its trace to be a total divergence. An “improved” traceless tensor
can be found and has to be used [21,22]. On the contrary, the canonical T,, for the
conformal theory in curved space (2.1) is traceless and gives, in the flat-space limit,
the improved one of ref. [22], modulo terms proportional to the equation of motion.
Similarly, we consider the euclidean Dirac fermions with action

S[es w] =1 f d%/g (#(x)v*(x) Dy (x) =¥ () By (x) ¥ (x)).  (2.6)

which is conformal invariant with scaling dimension A= 3(d—1) of ¢. The
fermionic action is a functional of the moving frame es(x)

Ej(x)el(x) =8,
e:(x)nabef(x)=guu(x)‘ (27)
The covariant derivative acting on spinors contains the spin connection and the
gamma matrices are y*(x) = EX(x)v“ (see ref. [23] for details)™*. T,, is now defined

by

1
- v wab
8S s f Ve T, El8Epn (2.8)

As before, we vary the moving frame and the matter field, which scales and rotates,
and obtain

= —1B(¥7. Dyt — $7. D), (2.9)

* In odd dimension d = 2k + 1 we take the Clifford algebra of d =2k and add y***1 = i*y! . y?f for
the additional coordinate.
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which in flat space reduces to

ny

= AP v Gt — Vv Op¥ ). (2.10)

d

2.2. OPERATOR PRODUCT EXPANSIONS IN FLAT SPACE

Wick theorem allows to compute the operator product expansion (OPE) of two
stress tensors for the previous theories. The classical expression for T,, is replaced

by the normal-ordered operator : T u»'s bilinear in the fields [24]. The contractlons are

1 1
Sy(d=2) |x—y|*7%"

(p(x)p(»)) =

1 (x*—y*)

(0D = () g T (211)

The calculations in this section are all lengthy but straightforward. The OPE is of
the form

) oo 2¢, . o
T (x):: T, (0): = PPty |x|2d(8up_2xﬂxp)(8w_2xvx°)
2(d—4A)
+ Z ) (2% :6(0)¢(0):,...) + regular terms } ,

|k I»”’PU

(2.12)

where £ = x*/|x|, %) is a tensor of £* times bilinears of the field in the theory
:¢(0)¢(0): or derivatives of them evaluated at the point x = 0, and the sum over k
extends to d + 2 (d + 1) for the scalar (fermion) theory.

The leading singularity is proportional to the identity operator and it is the
unique contribution to the correlation (T,,(x)T,,(0)) in flat space. Its form is
completely determined by symmetry, tracelessness and conservation of T,, [10,13].
The constant ¢, is not arbitrary because the normalization of T,, is fixed by the

definitions egs. (1.2) and (2.1, 6). One finds

d

c = m ,  scalar field, (2.13a)

d
cy= 22“/2], Dirac fermion . (2.13b)
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The constant 2[4/ is the trace of unity in the Clifford space and [d/2] is the integer
part of d/2. Notice that ¢, is a non-trivial constant times the number of field
components. ¢, =1 for a scalar field and a pair of Majorana fermions is recovered
in two dimensions.

The form of the other terms in eq. (2.12) depends on the theory. Let us present
them in the following form. For the scalar theory

T, (x)::T,,(0):
PLPEY,

uv't p'o

2
S,
2(d—1)) 4 x|9*?

= (T, (x)T,,.(0)) +

X{(d:iZ) [ (2 vu+(d+2)( ;Lp Aot (d+4) uAvApAG)]:(P(x)(p(O):

+1x12(d - 2)[(26,,8, - (d+2)%,%,%,) :9(x) 9, (0):

- (22,8,,— (d+2)%,%,%,) :9,(x)9(0):]

+ IXI2[4(3,LP -d%,%,):9,(x)e,(0):

d__ 2
22 5, (9(0) 000+ 2,5, ()9 0)9)
3 2(d—-2) s .
P S 5000 90(0): — £,10,,() 2, (0)]
+ x| — :qow<x)<pp(,<o>:}, (2.14)

where ¢, = d,9 and so on. The terms ﬂ“(,,’:,)a of eq. (2.12) are obtained by expanding
¢(x) in powers of x. In the fermionic theory one has

PE

1 ;“/Ppu
T (x): 1T, (0): = (T, (x)T,, (0)) + X ST

{l— (8,026 — (d+2)%,8,%5) 19 (x) %, 77,4 (0):

+1x] (2,851 0,8 (x),757,9(0): — £, 8519 (x) v, 747, 9,4 (0):)

1 —
_|x|2;xAB:8V¢(X)Y#YByp 3,4(0): +conjugate}, (2.15)



A. Cappelli, A. Coste / Stress tensor 717

where the conjugation is, for example, (: J(xl)y#z[/(xz):)* = —: J(xz)yuxp(xl):. Some

terms in the expressions (2.14) and (2.15) combine to give T,,(0) and its derivatives,

both others do not, that is the OPE T,,T,, does not close on T,, in more than two

dimensions. The tensor coefficients multiplying the additional operators vanish for
d =2 and eq. (1.11) is recovered; notice the identity

P PEo(8,,—2%,%,)8,,=0  (d=2). (2.16)

In refs. [13,19], the following Ward identity was derived for regular conformal
transformations (1.9) of an arbitrary operator ¢(x)

%Mﬂ=LdWUWUHMMMﬂ- (2.17)

The integral is done on a surface X surrounding the point x and it does not
depend on its size due to conservation of T,, and eq. (1.5). For a sphere centered at
x one has dS*(y) =dQ(y)x — y)*|x — y| 2 normalized by [d2 = 1.

The Ward identity gives us a relation between OPE (2.12) and the transformation
8;T,,. One inserts eq. (2.12) into eq. (2.17) and observes that only terms which give
an adimensional integrand can contribute: they are .»7(“~V for translations, 74
for dilatations and rotations, and &+ D, o7 and &~V for special conformal
transformations. For example, consider the fermionic theory and a dilatation
EM(y) = Ay* Eq. (2.17) reads

Ty (0) = [ dS¥(2)Ay" T (5)T,0(0)

pypo

=AP%; f d@ pr9 Pz D (95 :4(0) ¢ (0):) + vanishing integrals
1 po SRraY 1 py
= Z>\dsd1>p,c,,fQ dg| gty — =8
0

X{[ 959, : 8,9 (0) %,%7,9 (0): = 55, : 4 (0) v,147, 8,4 (0):
= (8, = (d+2)2,9,)9°9": 8.9 (0)v,%7,% (0):] + conjugate}
=AdT,,.(0). (2.18)

We see that we cannot understand the rdle of the other singular terms by looking
only at conformal transformations of the flat space. The same happens in two
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dimensions if we limit to projective transformations of the plane : the leading
singularity in eq. (1.11), which gives the anomalous term in the transformation
(1.10), does not contribute. In sect. 4 we shall obtain the anomalous terms in higher
dimensions by other methods. Their relation to the leading singularity in eq. (2.12)
remains to be understood.

We continue the analysis of regular conformal transformations and the terms
D o7 (D and /@D, We verified that the terms o/ “ and &~ D gives the
correct transformation of T,, as a quasi-primary field, of dimension d and spin 2,
eq. (1.8), for both theories (2.14) and (2.15). Notice that the term &7 ¢*V has the
dimension for contributing to special conformal transformations £( y) ~ O((x — y)?),
but we checked it has a vanishing integral in our cases. This singularity must never
contribute to the transformation of a quasi-primary field, which only feels the local
rotation, dilatation and translation in a special conformal transformation by the
terms /(4> and &~V [13].

More generally, §.T,, is homogeneous in T,,, while the corresponding OPE terms
contain additional operators whose tensor coefficients vanish in the integration
(2.17). The possibility of such terms not contributing to 8,T,, implies that this part
of the OPE depends on the details of the theory; at variance with two dimensions,
eqgs. (1.10) and (1.11), the OPE determines 5,T,, but the converse is not true.

Let us discuss in more detail the freedom in these OPE terms. For a scalar
quasi-primary field ¢, of dimension 4, they have a unique form [13] : &*1 =0,
4D and LD read

v

d XX, 1
T ()9(0) = 7oy R A0 O+ i[5+ Ha-D38,0] 000

+ less singular terms. (2.19)

They are determined a priori from the general form of tensors in %, and §,, by the
constraints of symmetry, tracelessness and conservation of T,,, and the compatibil-
ity with the transformation law eq. (1.8). In the case of the bosonic theory eq. (2.1)
and ¢ the scalar field, eq. (2.19) is indeed verified.

The OPE T,,,(x)A,(0) with a quasi-primary vector field 4, is already non-unique.

Let us suppose that it closes on A4, for the same terms

T, (x)4,(0) = —W(x)A ©+: L BE(2) 004, (0)

urvpo l BPPOA

+less and more singular terms. (2.20)
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The previous constraints now leave one free parameter a for 9

B =P,[f:,{d(8 2,8, = 8,,8,8,) + ———8,,8,%

uwv'po

+a[§(d2—4))€u)2,, %X+ 8,%,%,+8,,%,%,—3d8, %,%,—86,8 ]},
(2.21)
and three for Z“~Y. Moreover, if there are operators of different spin but same

dimension as A,, they may also appear in the OPE. For example, the fermionic
current 4, = v,y is a quasi-primary operator and it has the OPE

1
T, (x)4,(0) = (T,,.(x)4,(0)) + i Goeer(2)4,(0)

1 -
{3580+ 0,)(5,:0.9(0)7,0):

+124: 0,9 (0)7,[ 4, 7,19 (0):)] — conjugate}
+ less singular terms, (2.22)

where €,,,,= 2., in eq. (2.21) with a=0 and A=d— 1. This freedom in the
OPE T,,,0 is reflected in the three-point correlation function (T,, 00, which is not
completely fixed by so(d + 1, 1) invariance [25], unless, for @, a scalar field [11]. Ref.
[26] contains examples of these correlations and also stronger statements on the

OPE T,,T,, in four dimensions.

3. Partition functions and the Casimir effect

In this section we specialize to the scalar field (eq. (2.1)) and derive its partition
function on two compact manifolds, the torus T4 = (S!)“ and the manifold S' x S¢~1.
These two manifolds generalize the two-dimensional torus. In this geometry confor-
mal invariance predicts the form of finite-size corrections [16,27] and, in combina-
tion with modular invariance of the torus parametrization, it yields powerful means
of investigation of conformal theories [4,5]. In higher dimensions the torus main-
tains the property of modular invariance, while finite-size effects are predictable on
the cylinder R X S¢~!. We first present our results and postpone this discussion to
sect. 4.
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The partition function is given by a determinant which is regularized by the
method of the zeta function [28]. The zeta function of a Laplace-type operator K
with non-negative eigenvalues on a compact manifold M is defined as

1
MOED IS (1)

A>0

where the sum is over the positive eigenvalues of K (with their multiplicites). It is
analytically continued to the complex s plane from a region Re(s) > y > 0 where it
converges absolutely.

The partition function is defined by

= —JeKo
Z /ng) e

)—1/2

=m(1‘[x

A>0

1d

= #exp| 5 3t (lco). (3.2)

If K has zero eigenvalues, their constant (infinite) contribution to Z is factorized by
the usual Faddeev—Popov trick. Then the constant 4"+ 1 appears from then
normalization of the measure Do, if one insists on having Z dimensionless.

3.1. THE MANIFOLD §t x §9-1

We consider the sphere S~ ! of radius %, identify S! with the segment 0 < u < 7,
and impose periodic boundary conditions for the ¢ field: @(u + T) = ¢(u). The
metric is

ds?=du?+R?d92, (3.3)

with d€2? the usual metric on the unit hypersphere S¢~! (say, d2> = d8? for d = 2;
d2>=d8?+sin’6dg?, d=3; dQ?=d6%+sin’#(dg? + sinpdx?), d=4). The
scalar operator in eq. (2.1) is therefore

d d—2
K=-—— Y D°D (3.4)
u

+ —R.
=7 4(d-1)

a=2

DD, is the Laplacian on S?~* [29] and the scalar curvature R = (d — 1)(d — 2)/®*>
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is constant. The eigenvalues are labelled by two integers n, /€ Z, />0

2a\2 1
A, =(—) n’+ —A,

n T QZ
A=1(I+d—2)+ ——RB*= (1+ 1(d-2)), 35
=+ d=2) + (S RA = (14 3(d-2) (53
and appear with multiplicity
sy= LA i) 3.6)
=————(2+d-2). .
) 1 (d=2)1 ( ) (

Notice that for d > 2 there is no zero mode.
The zeta function has the form, for d > 2

$oixsa1(s) = i > o)

I=0nez (Al,n)s ‘

(3.7)

Some manipulations which are analogous to those of two-dimensional calculations
[28] — Kronecker’s second limit formula [30] — allow us to continue analytically this
function in the region s ~ 0 and compute its term O(s). Then

)

1| ) R R

=0

1d
Z= €Xp 5 afs1xsdf1(s)

This expression requires a further analytic continuation in the term

© §(1
$sa-1(s) = Z /(lsl)

=0

(3.9)

This is obtained by rewriting eq. (3.9) as a finite sum of Riemann zeta functions
{r(s) =X7_,n~* whose continuation is known. After some calculations it reads

1 ) [(d—3)/2]

{Sdl(—‘_ = Z akfR(l—d+2k)
2 k=0

0, d=2n+133,
- (3.10)

(-)""'w,,,, d=2n+2>4,
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where W, is a positive constant depending on the first n Bernoulli numbers (its
explicit formula is given in the appendix A).

Eq. (3.8) displays the general structure of the bosonic partition function: it
contains the product of factors for the Bose statistics (1 —e #%)~! of inverse
“temperature” B, equal to the time evolution 7, and elementary excitations of
energy €, = \/A—, /%. There also appears the non-trivial prefactor corresponding to
the vacuum energy E,; this dominates in the limit 7' — oo (or § — 0)

T
logZ ~ —-TE;=-——¢,. 311
087 ~ ~TEy= =&, (3:11)

From eq. (3.10), the vacuum energy is zero for any odd dimension: this is a general
property related to the absence of gravitational trace anomaly (see sect. 4). In even
dimensions it is, for example,

5 — L ~ — 1. ~ o _ 31
= "1z C4= %45 > C6 = ~ 60480 (3-12)

(&, is computed in subsect. 3.2). Notice the puzzling sign oscillation.

On the contrary, a bosonic theory not conformally invariant,i.e. £ # (d — 2)/4(d— 1)
in eq. (2.1), has a vacuum energy different from zero in any dimension. For £=0
the analytic continuation of {g-1(s) = X52,6()[/(/+d —2)]7* in eq. (3.9) was done
by Weisberger, ref. [29]; {s-1(—1/2) is expressed as an infinite sum of Riemann
zeta functions, to be estimated numerically.

3.2. THE TORUS

The torus T¢ is the quotient of the flat space R¢ by the lattice A? generated by
the vector moduli w,;, i =1,..., d, which are the periods of the field ¢(x + w;) =
@(x). The eigenvalues of the Laplacian K= — 3%, are

=N, = Q) mK e Kt nny,. €2, (3.13)

in terms of the dual vectors K, obtained by the inversion of the matrix w;;= (w;);

K, -w,=3§,, (3.14)
then (K;), =K, = (w‘l)ﬁ. As in the previous case, we suppose that w,,..., w,; span

the spatial directions and only w, has a time component, which we can choose as
the first one

(,);=0, for j=1, i=2,....d. (3.15)
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Then K, is along the first axis
w,;=T>0, K,=1/T, (3.16)

and the eigenvalues eq. (3.13) are rewritten as

2

A= (2777) [(ny+ Tg)* + (1),

in terms of momenta g and energies € of elementary excitations

2 21172
€=€, oy [("2K22+ A K ) e (Kt +n,K ) ] .

,,,,,

(3.17)

the zeta-function {. is defined by eq. (3.1) and the zero mode is subtracted in eq.
(3.2), thus giving a factor #'= V!¢ where V is the volume of the torus. The
Kronecker limit formula applies again and it yields

1d
Z =VY%xp Ejgvd(s)
s

| =l g (1)
x{ T Z[l—exp(—277T(e+iq))]}Vl, (3.18)

where in the product I the zero mode is omitted. The first factor is given by
analytic continuation of

(3.19)

Eq. (3.18) has the same structure as eq. (3.8), displaying a vacuum energy and a
product of Bose terms. The remaining analytic continuation of eq. (3.19) is done by
Epstein’s functional equation, which is a generalization of the Riemann symmetry
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equation for {(s) [31]

_5/21'1( S) Z’ 1
T _ -
2 my,..., m,sZ (p(D) /2
720 ((p—s)/2) Z, 1 (3.20)
= —det ) s ez (p(D‘l)(p_S)/z » .

where (D) =27 ,_im D, ;m; is a positive-definite quadratic form.

The contribution of the vacuum to Z dominates when at least one side of the
torus goes to infinity. By taking it as the time T we have, from egs. (3.18)-(3.20),
the Casimir effect

1 y Y ! 321
V4 ~ — . .
o8 = [nyw, + - - +”d‘°d|d ( )

,,,,, n,€Z

In eq. (3.21) we reinstated the d-dimensional vector notation. This rather general
formula applies to all possible shapes of the torus. For example, the geometry of a
slab made of two infinite (4 — 1)-hyperplanes at (spatial) distance |w,| =L is
obtained by letting |w;| — oo for all i # 2.

It yields
1 1 N 2{r(d)
;logZ~ ~Zafa e (T = - s, (3.22)
For example
~ 1 x 1 ~ !,
Cy ™= — 6T, C3 = — E-{’R(:S)’ 4= - 50_77 - (323)

Its qualitative behaviour with the dimension is different from the cylinder in eq.
(3.12), because it is non-zero in odd dimensions and is of definite sign ({g(2k + 1) is
known only numerically and {z(2k) is proportional to the Bernoulli number B,).
Our results, egs. (3.21) and (3.22), agree with previous calculations by hamiltonian
canonical quantization: the d=3 case was recently derived for quantization of
extended objects like the three-dimensional membrane [17]. In this context there
appears a factor (D — 3) for any transverse direction in the D-dimensional embed-
ding space. The d =4 slab Casimir effect agrees with the classical result for the
electromagnetic field when a factor of two is accounted for polarizations [32].
Besides the value of the vacuum energy, a closed expression of the partition
function is interesting because it exhibits the invariance under the modular transfor-
mations of the torus parametrization {w,,...,w,}. In order to test it, a fully
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covariant expression of Z is necessary; the three-dimensional case is

log Z(w,, w,, ;)

1 Je,Ae? Vo 1
P log—

2 3
3 Vv 4 nyorty | 7500, + 115005

-y log{l —exp

[ RRC]

=27V w3 — nwy |+ 27 [n,( 00 A wy) _”3("31/\‘*’2)]'(‘*’2/\‘03)}}

[, A ‘*’3'2
(3.24)

(The analogous formula in d dimensions is given in appendix A.)
The modular group in d dimensions is SL(d,Z)/Z ,; it contains the transforma-
tions

Tl.j: ©owte, 0w, (#],
St @ w, w0 —w,. (3.25)

Some of them are trivially satisfied in eq. (3.24), but a complete proof of modular
invariance will not be discussed here. For a non-trivial check of this formula we
computed (T, )gs by differentiation with respected to «,’s and comparison to eq.
(1.2) and we verified it has the correct symmetries (see the last of refs. [28] for the
analogous calculation in two dimensions).

4. Trace anomaly and Casimir effect on the cylinder S~ ! X R

In this section we consider the transformation of the stress tensor under confor-
mal transformations (1.1) in curved space time. The method is based on the
derivation of the effective potential for 6(x), the conformal factor of the metric — the
Liouville action in two dimensions [1,14]. After recalling the two-dimensional case,
we present the four-dimensional one in a fully renormalized form and we clarify
some technical aspects.

A direct application of this transformation law is to the determination of the
Casimir effect on a manifold related to flat space by a conformal transformation,
like the generalized cylinder S?7! X R we discussed in sect. 3. We would like to
stress that some finite-size effects of this geometry are predicted by conformal
invariance as in the two-dimensional case. We first set the problem by recalling the
properties discussed in ref. [18], then we derive the transformation of T,, and the
Casimir effect.



726 A. Cappelli, A. Coste / Stress tensor
4.1. FINITE-SIZE EFFECTS

The cylinder S9! X R is a manifold conformally equivalent to R?, i.e. its metric
can be put into the form g,,(x) = exp(20(x))4,,, 8., = by eq. (3.3) it is

havs

o=—u/%

ds?=du’ + R*dQ* — d§?=e">°ds?=dr? + r2dQ2. (4.1)

By the conformal transformation and the change of variable r = % exp(u/%) it
becomes the flat metric of R¢ in spherical coordinates (the point at the origin of R¢
is excluded because the change of variables is singular there).

In a conformal invariant theory, the correlation functions in these two geometries
are related by the transformation eqs. (1.1) and (4.1). For example, the two-point
function (and the three-point one) of any scalar field has a form completely
determined in flat space by its dimension A [9]. This implies on the cylinder
R X S9! the unique form

<¢(”1a 91)¢(“2»0)>R><sd'1 = eA(uﬁuzv@<‘¥5’(|3‘71| > Q1)4’(lle ’0)>IR"

= eA(ul+u2)/@|x1 _ le —2A
= {#*[2ch((u, — u,)/R) — 2cos 8] } - (4.2)

where %0, is the geodesic distance on the sphere of the first point from the second
on the polar axis.

The relation between correlation functions on the two geometries implies a
correspondence between the two Hilbert spaces. Time (u) translations in the
cylinder corresponds to dilatations in R, then eigenvalues A, of the dilatation
operator & are equal to eigenvalues E, of the cylinder hamiltonian s#: 3¢ du =
2 8r/r leading to [18]

An

— =E,~E,. (4.3)
Eq. (4.3) can be useful in numerical simulations of the transfer matrix of a statistical
model on the geometry of the sphere. On the other hand, finite size effects on the
torus T9 the traditional geometry for simulations [33], are not predicted by
conformal invariance for d > 2, because this geometry is not related to R¢ by a

conformal transformation.
The expectation value (T,,) on the former manifold is given by

1
dlogZ=—— f d’%xy/g (T, )8¢", (4.4)

4 YStxsd!
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which is the quantum analogue of eq. (1.2). The form of (T, ) is determined by its
invariance under the isometries of the manifoid [34]. It has a two-parameter
freedom

(T () = 23 (A5 () + B3, 18,,), (45

where x' = u, S! is the segment 0 < u < T with periodic boundary conditions and
x?,..., x4 are coordinates on the sphere S~ . In this form (T,,) is also covariantly
conserved. A non-vanishing trace (T,") measures the lack of scale invariance of the

partition function: for a dilatation 0g,,=2g,,0A, eq. (4.4) reads

8 1 4 . T

sxloe Z[g,] =—§;fd x\/g(T#>=—§2(dA+B). (4.6)
For example, the scalar field partition function obtained in sect. 3, eq. (3.8), is a
function of T/%; then we proved that in any dimension

(T»=0  (scalar field on S' x S*°1). (4.7)

This result is not trivial because, for a general conformal theory on a curved
manifold, the stress tensor defined by eq. (4.4) does have an anomalous trace
coming from the lack of scale invariance of the integration measure in Z [7].

The vacuum energy E, is related to the full expectation values (T,,>. The
contribution of the vacuum is singled out in the limit 7 — oo

E,= lim ——logZ([O T] xS, (4.8)
T— o0
Let us consider eq. (4.4) for a metric transformation 8g*" = —28*1 8”1 8e. It

corresponds to a parametric variation in eq. (4.8) for 7 — T(1 + 8¢). By comparing
€gs. (4.4), (4.5) and (4.8) one obtains the vacuum energy in terms of the expectation
value of {7},)

1 1
E, ~_ T—Sdfddx\/gau) =~ (4+8). (4.9)

4.2. THE EFFECTIVE POTENTIAL

The expectation value (T,,) can be obtained by integration along a conformal
transformation into another mamfold where (T,,) is known, namely R? where it is
normalized to be zero. Let us consider two manifolds (M, 8,,) and (M §,,) with
8,,(x) =e*™g (x); let us first suppose they are compact so that there are no
boundary terms. Let g,,(, x) =e**®7¢ (x) be a path interpolating between §,,
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and g,,, with 6(x, ¢) a smooth function of 1 €[0,1] and x satisfying o(x,0) =0,
6(x,1) =0(x); for example, one can take o(x, t) = to(x). The difference between
the partition functions for the two metrics is

I'lg, g]=—log Z[g,] +log Z[§,]

—f dt—c—i—logZ[g#,, _f dth\/g(x) <T”(x)>d— (4.10)

For theories which are conformally invariant at the classical level, the trace in the
last term of eq. (4.10) is completely anomalous, that is it does not contain
expectation values of dynamical fields. We shall limit ourselves to purely gravita-
tional anomalies, so that it is a local functional of the metric g, whose form is well
known in two and four dimensions, and it appears already in free theories. In such a
case the general form of the trace anomaly can be integrated in eq. (4.10). The result
has the form of an effective potential for the o field in the reference metric 8.

By definition Ig, §] must satisfy the cocycle conditions [20]

I'lg,g]+TI[g.g]=0
Ilg, 8]1+T(g 8] +r[é ¢] =0, (4.11)

where g, ¢ and é are metrics related by conformal transformations. They are a
check that the effective potential is independent on the path of integration.

For infinitesimal metrics, say 8u =1 +280))8,, =+ 280, +280,) g:#,,, eq.
(4.11) is the Wess—Zumino consistency condition on the trace anomaly. One has

(8,,8,,— 8,8, )T [e*%,,, £,,] =0, (4.12)

where the r.h.s. is zero because we have an abelian group of transformations. By eq.
(4.4), eq. (4.12) is

6
sty = [ ddx{ SGI(x)(m s <T£>saz(y>)

8
()| 5,7 e s | 0.

This is a necessary condition for eq. (4.11). This general discussion will be relevant
in four dimensions.

Let us first recall the two-dimensional case. The trace (1.4) is inserted into eq.
(4.10), written in terms of §,, and g, R=¢"*(R—2D%), where IA)F is the
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covariant derivative with respect to g,, (some useful formulae for this section are
given in appendix B). The integration gives [1]

(4
I'lg g]= ﬁf d%/% (Ro + D)o Do)

L1
g bzR]. (4.14)

¢ 2 ! 2
- %[fMd x‘/gRﬁR - fMd
One can check that this potential satisfies the cocycle conditions eq. (4.11); this is
trivial in the above non-local form.
Once we have eq. (4.14), the difference between \/E (T,,) (living on M) and
\/g7 ('i“w,) (on M) is obtained by varying with respect to §,,, o(x) being fixed,
8gh*(x) = e 29 341 (x)

Sr[g,g'\] fdd V>8g.‘“‘+‘/7<T >6gy,y)
2Sd/dd \/§<Tu>\> + \/g7<TuA>)§Vx8§”V- (4.15)

For eq. (4.14), this gives

() (T2(x)) ~ & ()
= %c‘/gT[—éf + 6,87+ 85(6) — 16,6™)]
6cf{ —ogf+8F(a} + o)\ox)] (4.16)

where 6,= Do, 6f=DADg and 6,= Dg, 0. = D# D are covariant derivatives
of the corresponding metrics. Eq. (4.16) was originally derived in ref. [14] from the
effective potential given by dimensional regularization; after the variation (4.15) a
suitable d — 2 limit was taken.

Reparametrization invariance must be preserved throughout our discussion, and
then the transformation law must be compatible with the covariant conservation of
the stress tensor. From eq. (4.16) one obtains ‘/g DXT,,) = ‘/g7 f)"(’i’,“,).

Let us emphasize the relation between eq. (4.16) and the result of Belavin et al.
[1]. They consider an analytic coordinate transformation £ =2(z) between flat
metrics; in our approach it corresponds to a reparametrization followed by a
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conformal transformation of the metric

8:3(2)= 3 8:(2) = %|d2/dz|2 - g,:(z)= ezagzz(z) = %

For the conformal transformation, eq. (4.16) gives with 6 = — 1log|dZ/dz|?
. c| @ do\?
T T =—-—=|——0+|—
(T..(2)) ~ (1.(2)) 6[(1220 (d)}

| far 3@ fazy
= 1;C @ d—Z‘—E @ E =ﬁC{Z,Z}. (417)

Under the reparametrization, T,, transforms as a tensor because we assumed exact
covariance of the theory. Eventually

. dz\?
(o) = (1. 9)( 5| + hel22). (418)

This is the result of refs. [1], with {2, z} the schwartzian derivative. The transfor-
mation there established for the field T,, is recovered here for the expectation value
(T,.) (see also eq. (1.10)). Eq. (4.16) is actually a more general result which holds for
non-analytic transformations, changing also (T,;), but it is valid for expectation
values only.

Let us rederive the vacuum energy E, for the two-dimensional cylinder R X S!,
€q. (1.15) [16]. The previous derivation is not strictly valid in this case, because this
is not a compact manifold. However, (T, ) describes the bulk properties of the
system and should become insensitive to the time boundary conditions when the
temporal extension goes to infinity. In this limit, eq. (4.16) is expected to hold.
The conformal transformation to the flat space R? eq. (4.1), is then used in eq.
(4.16). One sets §,,=4§,,, the normalization ("1",“,) =0 and obtains (T, ) on the
cylinder M. By substitution of (T,,) in eq. (4.9), the correct result for E,, eq. (1.15),
is recovered.

The higher dimensional case is analogous. As a starting point, we need the
gravitational trace anomaly; it is expressed in terms of local functions of 8,, and its
derivatives, which are Lorentz scalars of dimension d. For d =2 there is only the
scalar curvature R, eq. (1.4); for d =3 and any odd dimensions, one cannot form a
scalar with an odd number of derivatives of g,,, then (T))=0. For d=4 the
possible terms are [35)]

Ty = —AMaGl,, + B(R, — 1R*) — yD?R + €R?} (4.19)

prpo

where A = (1440)"%, C

vpo 18 the Weyl tensor [8], and the coefficients a, B, vy, € were
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computed in ref. [36] for free theories of various spin values (a=8=1, y= —1,
¢ = 0 for spin zero).

Let us check the Wess—Zumino condition, eq. (4.13), on the trace anomaly eq.
(4.19). It is satisfied by the first three terms, but the R? term gives by using eq. (2.3)

o), & fd“x‘/g’R[(Dlsol) 80, — 80,(D?80,)] . (4.20)

It does not vanish for a general transformation and this excludes such a term in a
conformal invariant theory. Let us explain this point better. The transformation
properties (4.12) must be always satisfied by the effective potential; if the R? term
appears in the trace (4.19) there must also be additional terms not built from the
metric, which compensate eq. (4.20). These are non-anomalous contributions, which
appear already at the classical level. Therefore, the theories with an R? anomaly are
not conformally invariant. On the other hand, consider the effective potential for a
global scale transformation only; it is given by the integrated trace anomaly in eq.
(4.6), which has a consistent form because eq. (4.20) vanishes in this case. It is
possible that the previous non-anomalous contributions do not appear in the
integrated anomaly. Therefore, theories with an R? anomaly may be scale invariant
at most.

These observation are confirmed by the known four-dimensional theories where
such a term has been reported: free theories with spin greater then one, when their
lagrangian is not conformally invariant at the classical level (see refs. [36,37]);
interacting theories like ¢* theory, and QED with fermions off the trivial fixed
point [38].

Therefore, in the following we consider only theories with e = 0 in eq. (4.19). The
effective potential is again obtained by integration of eq. (4.10) and some formulas
in appendix B:

A A N A
Mg, 1= - - [ 0B (aCupCo + 37| (12 =82~ 56") - (1R)]
+/3[(1% R¥ —1R?) o + 266" (R, — 18, R) + 26,66 + (6@”)2]}
(4.21)

(6, = IA)’p, 6, = D,o as before). A similar expression was given in ref. [15]. Eq. (4.21)
can be rewritten in the form

A
F[g’ g] == ﬁfMd“x\/g{%acﬂvp)\CMp}\a

+ %B[(RMRM ~1R?*)o— (Do)’ D%] 4 %ﬂRz}

# 3] (R e~ 18)o — (D) Do~ o) (82)
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Eq. (4.22) satisfies the cocycle conditions eq. (4.11); the first one is obvious, the
second one requires a detailed calculation for the 8 term.

The variation with respect to g*” gives the stress tensor. The Weyl tensor vanishes
for metrics of the form g,, = e2”8 that we shall consider, and we set C”,,pa 0
after this variation. Then, the a term drops out and the B and y terms are given by
the variational formulas in appendix B

= () (T(x)) - 2(x) (T(x))

o fixed

- e[k - 180) D]

8+

+5"P8[ B(2RR ., — R ,R; M)+ §y(DaDBR—RRaB)]}
+NE {8, 8.}, (4.23)

where P#",‘,B is the projector on the symmetric traceless part. Eq. (4.23) agrees with a
previous calculation by dimensional regularization [14]. The covariant conservation
of (T,,) is again compatible with eq. (4.23) for any value of 8 and vy, because the
tensors multiplying these coefficients are both covariantly conserved [6].

A more explicit form of eq. (4 23) can be written in terms of ¢ for conformal
deformations of flat space §,, = 8, ( =0

‘/§<Tﬂy(x)> = —}\SJ{BG”‘B[%B — 20,05 — 8,5 (0} + o)\a)‘)]
+3y[(%62 - o>‘8>\ - a{‘)(oi‘ + oxox)]}

—AB’;’PW“B{{B [oaﬂo;\‘ - oaoﬂ(o{‘ + 0>\a>‘) - aa)\oﬂx -+ 20apﬁ)\0)‘]

—27[(3,]33—60&6‘3+ 60@3)(0{‘+0>\a)‘)]} (4.24)

(0,= 03,0, 0,0=20 «9g0). In sects. 1 and 2, we showed that T,, is a quasi-primary
field, i.e. it transforms homogeneously under coordinate transformatlons belonging
to the group SO(d+1,1). Then eq. (4.24) vanishes for the corresponding finite
conformal transformations of the metric. This is manifest for translations, rotations
(o = 0) and dilatations (o = cost); special conformal transformations are composed
of one translation and two inversions x’* = —x*/x2, then it is sufficient to check
these last ones (0= —logx?) in R*\{0}. In the same way, the schwartzian
derivative, eq. (4.18), vanishes for projective transformations of the complex plane.
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Let us return to the determination of the Casimir effect on the cylinder R x S3.
We use eq. (4.23) by assuming again that boundary terms do not affect (T,.)- By
taking &, =§,,, (’i‘m,) =0in R* and 8,, on the cylinder, egs. (4.1) and (4.23) give

AMy—B)
<Tp.v> = %4 (g;w - 46;1,,16V,1) 4 (425)
By eq. (4.9), it yields the relation between the trace anomaly and the Casimir effect
on the manifold R X S3
¢, B—v
E,=—, Cp=———. 4.26

T @ “T a0 (4.26)
For scalar fields this agrees with the result in sect. 3, eq. (3.12). By inserting the 8
and y values of ref. [36] this gives

~ __ 17 . .
C4= 230 » Dirac fermion,

=35, pure QED. (4.27)

Let us conclude this section with some comments. In three dimensions and other
odd dimensions there is no gravitational trace anomaly, the effective potential is
conformal invariant, I'[g, §]=0; then (T, ) and E, vanish on the manifolds
R X S?* as well as in R2%*1, This agrees with the scalar field calculation of sect. 3,
egs. (3.10) and (3.11). Let us observe some simple consequences of this phe-
nomenon.

(i) By numerical simulations of the hamiltonian of a statistical model on S2,
Ey,=0+0o(1/2) is a non-trivial check for conformal invariance (1.1) of the corre-
sponding field theory at the critical point. It is also a necessary condition for the
analysis of the finite-size effects we mentioned at the beginning of this section, egs.
(4.2) and (4.3) [18, 39].

(it) An anisotropic correction to the correlator {($(x)¢(0)) in finite geometries
was computed [13], which is due to the insertion of T,, and therefore of order
O(E,x|?/R?). This correction has the unpleasant feature of being non-analytic in
odd dimensions, but actually it vanishes on the manifold R X S?%, leaving only
analytic terms in eq. (4.2). On the contrary, the torus geometry does show this
correction because (T,,) #0 in any dimension. Moreover the effective potential
cannot be simply obtained by integration of the trace anomaly, it depends on the
details of the theory and general results like eq. (4.26) cannot be stated on finite-size
corrections.

We are very grateful to C. Itzykson for his constant interest in our work. We also
enjoyed fruitful discussions with J.B. Bost, E. Brézin, J. Cardy, F. David, D.
Friedan, O. Napoly and J.B. Zuber. A Cappelli thanks the Angelo Della Riccia
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foundation for partial support, A. Coste thanks CERN Th. Division and SPhT
Saclay for kind hospitality.

Note added in proof

The term yD?R in the four-dimensional trace anomaly eq. (4.19) comes from a
term v/ ‘/§ R? in the effective potential eq. (4.22) which is local in the metric 8,, and
covariant. Then the value of y can be changed by adding a local counterterm in the
action, while keeping the stress tensor conserved. The choice y =0 corresponds to
the customary renormalization scheme, in which the anomaly takes a minimal form.
Other choices of scheme are presently allowed, because the trace anomaly does not
spoil the consistency of the theory of matter on a curved manifold and additional
constraints were not found; eventually y could be determined experimentally.

Therefore in this paper we considered the general case y # 0. The relation in eq.
(4.26) between the trace anomaly and the Casimir energy E, on the manifold R x S?
clearly holds when both quantities are computed in the same scheme of renormaliza-
tion. Here we checked eqs. (4.26) and (4.27) in the zeta-function regularization by
the computations in sect. 3 and the literature. We thank A. Schwimmer and J.L.
Cardy for discussions on this subject.

We also thank P. Pasti for informing us that the consistency conditions on the
trace anomaly were discussed in ref. [40] as the cohomology of the BRST operator.

Appendix A

We detail here the analytic continuation and evaluation at the point s= — 1 of
the conformal zeta function on the sphere (eq. (3.9) in the text), and we display the
covariant formula of the partition function on the torus T<.

A.l. MANIFOLD S' xS 4 obp> 3

If we set d=2n+ 3, the degeneracy of the eigenvalue A, in eq. (3.6) can be
rewritten as

Mhl(l+n+l+1)(l+n—z)

8(1) = Q2n+1)! o

- ——(2((12: :’_)1; D 21; ,li [@(14n) +1)* = (2i+1)7]

1

“ T Z( D (n=1)2(I+n)+1)70 0 (A1)
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with

a,(N)= > Qi +1)%... Qi +1), a(N)=1. (A2)

0#i< -+ <ig<N
Therefore, eq. (3.9) reads

1

§52n+2(s) ml—)" 4n—s

Zi: (=1)*a(n-1) i 2 +n)+ 1)t

=0

11 (& .
= m“n,s{ Y (-Dfe(n-1)

k=0

X(1 =220k e (1= 2(n— k —5))
- nil Z (-1 a, (n—1)(21+ 1)”””"“”} . (A3)

This formula allows us to deduce the analytic continuation of ¢ s»+2 from that of the
Riemann zeta function {p(s)=X%_,n °. For s= — 1 one obtains the values
$r(—2(n—k+ 1)), 0 <k <n, which are zero [31], as well as

n—1

Y 5 (-1 e (n— 1)@+ 1720

- n—1

= ¥ @+1)TT[@+1)* - @i+1)]] =
=0 i=0

Therefore

(ana(—3)=0, d=2n+333. (A.4)

A.2. d BEVEN > 4

We set d=2n+ 2. The degeneracy at level / is

2+ n)” f[ [(14 )2 — 2]

=gy L

- (—2272 (=1)*Be(n— 1) (1 4+ )", (A.5)
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(for d =4 i.e. n=1, the value 1 is given to the product IT7_!) with

Bk(N)z . Z ' i12~--i/%, BO(N)zl- (A-6)
Therefore
tyenr(8) = Ty P 2( D*Bun=1) X (1)
- G z< 1) Beln=D){n(=2(n=k=5)) = T P04 (A7)

Again one notices the simplification
n—1 n—1 n—1 n—1
L (=) Bln-1) L PO 0= 3 20T (12-4%) =
k=0 =1 =1 i=1

For s = — 3, the values of the Riemann zeta function appearing in eq. (A.7) are

(—1)m+le+1

-1-2m)= , A8
with B, , the Bernoulli numbers, given by
x2m
=1— 1 + 1 m+1 ,
e —1 * Z A
B =%, B,=+, B,= 3. (A.9)
Therefore
(onni(= 8 =(-1)""'W,,,, d=2n+2>4; (A.10)
the positive constant which appears in eq. (3.10) is
1 18 (n-1)B,,,_
W, = i )B, 1 (A11)

@) 2, n+l-k

The coefficients B,(N) satisfy remarkable properties. By separating the cases
i,=N+1and i, <N one gets the functional equation

Bk(N+1)=lBk(N)+(N+1)218k—1(N)' (A.12)
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From eq. (A.12) one easily derives by induction that, for fixed k, B,(N) is a
polynomial of degree 3k in N, whose highest term is

3k

N) ~ . Al3
BlN) = (A-13)
k fixed

One also has the value
Bi(k) = [k1]*. (A.14)

In order to identify the polynomial 8,(N) it is sufficient to check properties (A.12)
and (A.14) which determine all its integer values. One, thus, gets the following
explicit expressions for the first few

:BO(N)=I:
gy - TN,
B(N) = (N + 1)N(N—81)X(29N+1)(2N—1) (5N5+ 6) ’

(N+1)N(N~1)(N = 2)(2N +1)(2N - 1)(2N — 3) (35N> + 91N + 60)
S 2434 35 ,
BU(N) = (N+1)N(N—=1)(N-2)(N-3)(2N +1)(2N — 1)(2N — 3)(2N = 5)

2'3°

(175N3 + 735N 2+ 1046 N + 504)
X .
175

(A.15)

It seems plausible that all integers and half integers between —1 and k — 1 are zeros
of the polynomial B,(N).

A.3. TORUS T4
The partition function in d dimensions, egs. (3.13)-(3.21) is in vector notation,

1 (7 v ,
log Z(wy,...,w,) = —
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where w,,..., w, are the moduli vectors, in the notation of sect. 3. They form the
matrix w,; = (w;);; ¥'=|det w|; the dual vectors K, are rewritten as

i+1 i+1
(€,),= (=) det;;(w)=(=)"V(K)),, (A.17a)
where det, () is the determinant of the minor (if) of w. Then

Te,, = |91/\ (——n292+n393+ +(—)d+1ndﬂd)‘/(V’)2,

ny = [(_n292+n393+ (=)0, -Ql]/(V')Z, (A.17b)

,,,,,

where |a A b|? = (a)*(b)*— (a-b)? in d dimensions and V' = |Q,]| is the spatial
volume. In three dimensions the wedge product is used for

Q =w, A wy, Q=0 Aw,,
2;=w, A w,, V=|w; (0, Aws)l, (A.18)

and eq. (3.24) is obtained from eq. (A.16).

Appendix B

We list some useful formulas for the computations of sect. 4. The expansion of
the Ricci tensor R, for the metric g,, = ez"gw in terms of ¢ and R, Ilor 8, is

R, =R, —£,(6+(d-2)6¢") - (d-2)(4,-485,),  (B.1)

A 6, = IA)“IA),,U, and f)# is the derivative covariant with
respect to g,,. Moreover, the derivative covariant with respect to g,, is

A a U AuYA A
where é = D,g, 6" =¢"6,

D, A4,=D,4,—(6,4,+64,—§,.6,4"). (B.2)
The useful variational formulae, in addition to eq. (2.3), are (see ref. [23))

8R,,— —%(g,,D,D,+g,,D,D,~g,4,D>~g,D,D,)8g, (B3)

v
(8D;L)Av == (SI:LUV)AU = %(A'rgpo Dv + A'rgva Dp, - gp.'rgvoA)\ D}\) 8g‘l'0 N (B4)

In four dimensions the Bianchi identity and C,ypo = 0 imply the identity

vpo

D'YR“B - DBRH'Y = %glxﬂ D‘yR - %ga-y DBR 5 (BS)
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which is useful for deriving (C,,,, = 0)
| @ (R %)
o fixed
=Ps/g[RED% + 2RD,D% — 2R D, D], (B.6)

where PJg = 38787+ 7g,58" — 18, 8¢, which is used to derive eq. (4.23). Finally,
the followmg equation

e*(R2,—1R?)o=(R2, - 1R?)o + 4(R,, — 18, ) 6"6"
+26,6M(36% + 26,6%) + total derivatives (B.7)

is used for passing from eq. (4.21) to eq. (4.22).
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