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The modular invariant partition functions of two-dimensional minimal superconformal theories are obtained by extending a
systematic method developed for conformal theories. They are classified in three infinite series and a few exceptional cases
and labelled by simply laced Lie algebras.

In a recent paper [1] (hereafter referred as I), a systematic method has been developed which yields
modular invariant partition functions of two-dimensional minimal conformal invariant theories with
central charge ¢ <1 [2,3]. There are strong indications that this is a complete classification, where each
solution is labelled by a pair of simply laced Lie algebras. Superconformal minimal theories [4] are
invariant under a larger class of local transformations satisfying a pair of superconformal
Neveu—Schwarz—Ramond algebras and have ¢ < 3.

The tricritical Ising model in two dimensions is an example of the simplest superconformal theory [4];
since it has ¢ = 4 it is also a minimal conformal theory. Amazingly, it provides a realization of N =1
supersymmetry in nature.

In this letter we obtain modular invariant partition functions for superconformal theories by extending
the methods in I. The two mathematical problems are very similar and we shall see that superconformal
solutions are made by the same building blocks as the conformal one.

The modular invariance problem has been settled in ref. [S] and two simpler solutions have been
obtained. The unitarity condition for representations of the superconformal algebra constrains the values
of ¢ < 2 to the discrete series [4]

c=3[1-8/m(m+2)], m=3,4,.... 6))
The values of the highest weights can be consistently constrained to a finite set (the Kac table):
Pry=homey mrz—s= {[(m+2)r —ms]* =4} /8m(m+2) + H[1—(-)""],
isr<sm—1, 1<s<m+1. (2)

The superconformal algebra and its representations split into two sectors, the Neveu—Schwarz (NS) and
Ramond (R) sectors, which are selected by antiperiodic or periodic boundary conditions on fermionic
fields, respectively. In eq. (2), the NS states have r — s even and the R states r — 5 odd. The NS vacuum
state has A =0, i.e. r=s5=1, while the R “vacuum” * has 4= ;¢ and appears for even m only, at the
self-symmetric point of the Kac table (r, s) = (3m, $m +1).

A fundamental domain A is a set of independent % values in each sector: Ayg= {4, |1 <s<r<m-—1)},
r—sevenand Ay = {h, |1<s<r—1forl<r<[f(m—1D]andl<s<r+1for[3(m+D]<r<m-—1}.

! On leave of absence from Dipartimento di Fisica and INFN, Sezione di Firenze, Largo E. Fermi 2, 1-50125 Florence, Italy.
1 This is the state of lowest energy in the R sector and it is globally supersymmetric invariant.
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As in conformal theories [3], the modular invariance conditions on the partition function of the theory
defined on a torus yield the possible values of scaling dimensions (4, h) of primary (super) fields, with &
and % taken from the Kac table. The partition function is the sum of four terms for periodic (+) and
antiperiodic (—) boundary conditions. Let us take a torus with periods w;, w,, 7= w,/w;. Im 7>0 and
denote Z(a, B8) the term pertaining to condition a along w, and g along @, @, B= +. We have

Z (1) =2 =Tr(T )xs= }%/Vh%sxi’sm(xﬁ‘s(f))*, (3a)
Zy (1) = 2B =Te( T ()" ) 5= %Wﬁgxﬁg (xS (1) (3b)
Z (1) =Z8=Tr(T )= hZZJVh‘%i’x‘;’:(T)(x%(T))*, (3c)
Zy=ZR=Te(T (=) ) =Tr(-)", (3d)

In egs. (3), the w, boundary conditions select the sector (NS or R) of states in the transfer
matrix 7 =exp{2im[T(Ly— 3¢) — 7*(Ly— ¢)]}, while periodic w, conditions yield the sign ()
for the fermionic states. In the last term, x; are the characters of the irreducible superconformal represen-
tations of weg__h_:t h [6] for J = R, NS and NS sectors. They include the prefactor exp(—2wirc/24) for all J
and for J = NS they contain the sign (—)¥ in the trace over NS states, as it will be explained later.
Summations extend to the # values in eq. (2) of the NS or R sectors.

The decomposition of the trace into irreducible representations yields the non-negative integer matrices
N5 =A3 - In particular, for J = NS signs may arise in the decomposition, but they are included in the
definition of xS characters, in such a way that modular invariance will give ;515 =4"7. Therefore all
matrices will be positive. In the following, the modular invariance conditions will determine them.

Since the R states, excluding the vacuum, are doubly degenerate and of opposite “chirality” I'=(—)%, a
factor V2 will be included in the definition of X in eq. (3¢); in eq. (3d) their contributions cancel leaving
the constant Z® which is not determined by modular invariance [5].

The modular group I' = PSL(2, Z) of r-transformations [7]

b
d

atr+ b
)’ Arrotr="g )

F3A=<a
C

is generated by the transformations S: 7— —1/7 and T: 7—7+1, which may change boundary
conditions. We have '

ZN(r41) = ZN(r), ZN(=1/r)=2Z%(1), ZN(r+1)=2Y(7), Z%(-1/r)= ZR(x),

ZR(r+1)=2ZR(7), ZX=1/7)=2"(1), Z¥(r+1)=2%(r), Z¥(~1/r)=2Z%(7). (5)
It follows that modular invariance requires

Z=a(Z¥+ 2%+ ZR) 4+ bZR, (6)

with a, b free constants up to the normalization. From egs. (3), we see that this corresponds to the
projection I'=(—)¥ =1 in the NS sector; by taking b= +a we may have I'= +1 in the R sector. These
projections yield consistent local theories called “spin models” in ref. [4]. The subgroup I, of INI, =
{¢ 5= 9mod 2}, is generated by T? and STZS and transforms each term into itself; the local
fermionic theory in the NS sector, corresponding to Z = Z™5, is I, invariant only.
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Table 1
List of known partition functions in terms of affine A’ characters (from T),
k+1
k>1 Xl Apsr
A=1
4p +1 2p—1 2p~1
k+2=4p+2, Y DalP 420Xzt L Goxbeaatee)= L [xatXapraal?+21x2p4117  Dagaa
p=>1 Aodd =1 Aodd=1 Aodd=1
A#2p+1
4p-1 202
k+2=4p, Yool Hixsl®t X Goxboatec) Dyt
p=2 Aodd =1 Aeven =2
k+2=12 It x71% + I+ xs 1 F 1%+ x| , N E¢
k+2=18 [x1+ X171l +|X8+X123| T x7+xul®+ 1xel 2+[(x3x15)x§"+c.c.] E,;
k+2=30 [ X1t X+ X+ Xael T X7+ Xz + Xa7 + X2s Eq

Here we discuss the invariance under the full modular group and we present matrices 47/, solutions of
egs. (5). Our results are natural extensions of those in the conformal case, which were analyzed in details in
I. Let us state them:

(i) the characters xJ carry a unitary projective representation of the finite group M,y =I/T,, =
PSL(2, Z/4NZ) for m odd and M,, for m even, where N =2m(m + 2);

(ii) the solution factorizes in the tensor product of a pair of modular invariants matrices of the affine
AP Kac-Moody algebra [8], for representations of level k =m — 2 and k’ = m, respectively;

(iii) the positive solutions are made by pairs of positive affine invariants (they are recalled in table 1).
In I they were labelled by simply laced Lie algebras, because the values of the index r in the diagonal
matrix terms were recognized as the Betti numbers of such algebras. Superconformal solutions are
therefore labelled by a pair of simply laced Lie algebras and are listed in table 2.

For m odd only the diagonal solution /4, ; =4, ; appears because it is the unique choice for both k
and k’ odd (algebras (A ,,_;, A,,..1)). For even m two further infinite series appear. They are for m = 4p:
(A1 D2p+2) p>1and Dypr1s A ez form=4p+2: (A, _1,Dy,.5) p21 and (D2p+27 A
p > 1. The (D, D) pair is equivalent to one of the two. Solutions (A, A), (A, D,,,,) and (D, ,, A) were
already found in ref. [5]. In addition, there are exceptional cases for m =10, 12, 16, 18, 28, 30, by
combining (A, E) or (D, E) affine invariants. There are two more solutions for m = 10 ((A,, E), (Dg, E¢))
and m =12 ((E,, A3, (E¢, Dy)), one more solution for m =16 (A5, E,) = (D, E,)), m=18 (E,, Ajp)
= (E;, D). m=28 ((Ay, Eg) = (Dys, Ey)) and m =30 ((Eg, Ayy) = (Bg, Dy7)).

As our analysis parallels that of I and sometimes reduces to it, it seems natural to extend the two
conjectures made there: namely,

(i) our methods yield all invariants including those with negative signs *?;

(ii) the subset of positive invariants is labelled by simply laced Lie algebras. In the supersymmetric case
however, this labelling is not unique, since D, ,, combinations are sometimes degenerate with A, ones;
we shall clarify this point later on.

These solutions yield the operator content of superconformal theories as follows. In the R-sector there
exist primary conformal fields ©;7;, called “spin-fields” in ref. [4], with multiplicity given by the matrix
elements A% # 0. In the NS sector, primary superfields @, ; corresponding to A hNhS # () decompose into
bosonic and fermionic components (conformal) fields and their descendants; fermionic components are
cancelled by the projection 1 + (—)¥ leaving only bosonic combinations.

¥2 A proof exists for conformal solutions when m has no square factors (unpublished).
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Table 2
N NS

List of known partition functions in terms of superconformal characters: x =y, %
(m, m+2)or (m+2, m) by exchanging r < s.

=% x®=% (. p) correspond to

1m»1 m+1 m—1m+1
m>3 7 Z Y (xal?+ (%045 L L 1Rl A1 Apin)
r=1 s=1 r=1 s=1
r—s ‘even r—s ‘odd
1p’—1 2p -1
p’'=4p 2 Y Xes+ Xrpo sl 2+ 21 Xr2pe1 12+ {x 2 %)
p>1 r=1 s=1
odd odd
1 p—2{2p—-1
+-4_ Z Z |Xr,s+5zr,p—slz+2|kr.2p+l 2 (Ap’—19D2p+2)
r=2\ s=1
even odd
p—1p—1 p-2 20-2
P'=4p = Z 2 (1xesl? +Ixm|2)+— Z X202+ 20 (XrsXprors+cc)+{x—=X)
p=2 s—l r=1 =2 r=2
odd odd Tven even
p 2p-1 -1 2p-2
+— Z E | %rs 12 +— Z 1R2ps) >+ 2 (Rrski— s+ ) (D2pe1, Apr)
even odd Sojdl 'ev:er%
p’-l p -2
=10 = Z X+ X712+ 1 Xes Xom |2 +(x—>x)]—— Y (s +x812+{x~%})
'035 oven
_2 p -1
+- Z R+ R 12+ 1Ros + Rota |2 )+— 2 R+ Resl? ‘ (Ap—1,Ee)
Cven ‘oad
173!
p'=10 n Z UXn+Xes T X7+ X1 >+ 1 Ra+Ros ¥ Xz + Ren 1+ 21 Xa + %181 (Dsy12:Ee)
=4p+2 r=1
odd
p -1
p'=16 " Z X712+ [ Xes + X131 2 1X07 + X 124 X0 1 * + X3 + Xns) X +ec])
-1
rodd -
1 P -1 1 =2
+7 L (x=x)rg X (x=%) (Ay1,Ey)
r=1 r=2 ;
odd even
-1
pr=2 2 Z X+ X1+ Xoro T X201 2+ 127+ X3 + Xa7 + %23 17)
-1
odd
3 Z {x»x}+— Z {x—%} (A1, Eq)
rog,;} even |

The main difference with respect to conformal solutions is the possibility of half-integer spins in the NS
sector, i.e. A NF£0 for s=h— hE€Z or Z+ L. The exceptional solutions (A, E) and (D, E) indeed
contain half-mteger spin superfields: this only means that they have fermionic and bosonic components
interchanged; fermionic components are still projected out.

Let us first write the characters and their modular transformations. The first step is to trade the vector
index (r, s) which labels characters modulo (m, m + 2) and m, —m — 2), into the scalar A = (m + 2)r — ms
modulo N =2m(m + 2). We need to consider the cases m odd and even separately.
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For m odd, m and m + 2 are coprimes, then the discussion in I applies directly: setting A = (m + 2)r +
ms, we have

A=wA mod N, wy=m+1—1N, w?=1mod4N. (7)

The superconformal characters [6] are written in our notations as follows:

xN8(r) =[Ny(37) — Ny (37)] exp(— Z&7i)n(3(r+1))n72(7) N even, (8a)
x§(¢)=x¥5(7+1)= [N (r+1)) = Ny(3(7+1))] exp(— Z7mi)n(37)n"2(r) A even, (8b)
Xx(1) =v2[N\(37) = Nx(3) m(27) 9 ~2(7) A odd, (8¢c)
in terms of the functions

Ny(1)= _Xif exp[2i'n"r(Nn + A)2/2N] , n(7)= exp(%;im)n]i [1— exp(2imtn)]. (9)

Due to the symmetry properties
X§=X£A=X§+N: _Xﬁa for all J, (10)

the matrix problem in egs. (3)—(5) requires A modulo N. The matrices A )\J y are extended out of the
fundamental domains 4 ; according to these symmetries; we shall remove this degeneracy at the end of the
discussion. Intermediate steps of the calculations require sometimes A modulo 2N but these extensions do
not lead to ambiguities.

The characters are traces of exp(2im7L,) over states of weight /2, which have degeneracy d(n) at level n.
We have

N NS * . .
()05 (7))” = lexp(—2mirdze) | 2 exp[27i(h — )]
[oe]
x Y. d(n)d(n') exp[2ir(tn—1t*n’ + n+n’)], (11)
n,n’'=0

where n, n’ run over integer and half-integer values for NS states. Therefore the sign into eq. (3b) is given
by (—)F = exp[2#i(h —~ k' + n+ n’)]: since modular invariance constrains 4 — h’ to be integer or half
integer, the sign is correct for the lowest level n=n’=0, the highest weight; additional negative signs
appear for higher level states built by an odd number of fermionic operators.

The modular transformation of characters can be written as

T: x§§(7 +1)= exp[2rn'i(}\2/2N— DIxNs(r), x®(r+1)= exp(27iN/4N ) xR (1),

N
S: xN8(—1/7)=2/N Y exp(2wiAXN/2N)x3®(7) Aeven,
X=2
even
—~ N
XS (—1/7) = exp[27i(A2/4N — £)|y2/N Y. exp(2miAN/2N)x% () Aeven,

N=1
odd

N ~_~

xX(—1/7)=V2ZN ¥ exp[2wi(AN/2N ~ N2 /4N + £)|x¥5(7) A odd. (12)
N=2
cven

By using the symmetries in eq. (10), it can be checked that the .S transformation reduces to the form in ref.
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[5], and it can be written as a matrix acting on a vector of all characters whose square is the identity.
Therefore the characters carry an unitary representation of the group I'. Moreover the results of appendix
B in I apply to the characters in eqgs. (8), (9) and show that they transform by a A- and r-independent
phase under transformations of the subgroup I, CI' [7]. They carry therefore a unitary projective
representation of the quotient group M, =I'/T,,.

From eqgs. (12), (5), the modular invariance conditions for the .4, }\J y atrices are

T: AN =H28, 0, onlyif X=X mod2N, (13a)
NB, #0, onlyif A =X? mod 4N, ~ (13b)
and
y N
S 5 Y. exp[2an(nA—wN)/2N]| AT =ATF A, X even (14a)
n,m7’ =2 even
2 O =
¥z exp{i27[(nA —wX)/2N — (> = 92) /AN ]} A DE= AR, A, X odd. (14b)
7,1 =2 even

The modular equations in the conformal case (eq. (3.8) in I) are similar to egs. (13), (14): indeed it can be
checked that the conformal solution .4/ X%k for N=2m(m+2), m odd, also satisfies egs. (13), (14), by
identifying A3y = A Ny =AX%" for A, X even, and A%, =A#%" for A, X odd. Let us recall its
expression (eq. (3.14) in I):

a—1 .
‘/Vf,oi}f' = Z 2 C(a, p) X X yA+£N/a mod N. (15)
aza?|N/2 B £=0
alA,a|XN

The C(a, p) are free coefficients of the linear combination of solutions, which are characterized by the
pairs (a, p) where a? is a factor of 3N and p are numbers mod N/a® such that p?=1 mod 2N /a?
Actually, for m odd a is also odd and it can be shown that p? =1 mod 4N /a?. It follows that only integer
spin solutions appear.

The subsequent analysis of I applies completely: for odd m the unique positive solution is the diagonal
one for both the NS and the R sector. We shall not discuss here the possibility of half integer spin
solutions for the NS sector only, which are modular invariants on the subgroup I.

Let us now discuss the even-m case, starting again from eq. (7): now A = (m + 2)r — ms is always even
and it is also invariant under (7, s) = (r + im, s + 3m + 1). However, this translation changes the r — s
parity, ie. it connects the two sectors R and NS. Therefore we may use again the variable A modulo N
within each sector. We have

I=(im+1)r—1tms, [=(Gm+1)r—im,,
NS: [=wy/ mod 1N, R: [=w,/+%N mod iN, (16)

with wy=m + 1 and &2 =1 mod 1N.

This allows to define characters and to obtain modular transformations and equations. They are as in
egs. (12)-(14) with summations on even A in all sectors. The subgroup of modular transformations acting
by a global phase is now [},

For m even, there are both integer spin solutions to egs. (13), (14), namely /? = /2 mod N for R, NS,
and half-integer spin solutions, />=/> mod {N for NS, /?=1]"* mod N for R. Both solutions may be
obtained by the methods of 1. For integer spin solutions, it can be checked that the conformal invariant eq.
(15) for the variable / mod N satisfies eqgs. (13), (14) for m even. Half-integer spin solutions can be
obtained by some modifications of the methods. Amazingly, it can be shown that both kinds of solutions
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factorize into a pair of affine A’ invariants provided that they are contracted with characters of given
r—s parity (i.e. in the partition function there are no cross terms like xN5(x¥)*). We obtain
NN = = A,

'/V}\,A/ M./t/;s, r—s=r'*s'=11’1’10d2, (17)

r—s=r—s'=0 mod?2,

for pairs (A}, A,,) of affine invariants of level k=m~2 and k’=m, respectively (see table 1);
A=(m+2)r—ms and X = (m + 2)r’ — ms’ have values in the fundamental domains A,.

Conversely, superconformal solutions can be obtained by taking pairs of affine invariants; they are split
into NS, NS and R sectors according to r — s parity (see table 2). This construction yields sometimes
degenerate solutions for combinations containing the affine invariant D,,, ;. The symmetry of the Kac
table in eq. (2) implies A4, . therefore only symmetrized tensor products yield

rstrs rs m—rm+2—s

independent solutions in eq. (17): A, =N N o+ AN, A, .., Let us consider now the affine

rsrs
invariants which satisfy A=A,  ,_: thelr combmatlons w1th the D2 o+2 solution (A7) or the A one
(8,,/) are equivalent because A, + A _ =4, This degeneracy does not appear 1n the conformal

,
solutions because these D, , pairs are not allowed.

In table 2, solutions are normalized to have a non-degenerate vacuum (/, k) = (0, 0), i.e. A5 =A05
=1/2. Since the |x®|? contain a two factor for double degeneracy of states, the R representations have
integer coefficients 2.4/ h‘fﬁ, as expected from the decomposition of the trace of the transfer matrix in eq.
(3); if the R “ vacuum” (¢/24, c/24) appears in the solution, the term in eq. (3d) is also different from
zero, then (A%, , oyt Z Ry /2 € Z. (The constant Z® is omitted in table 2).

In conclusion, we hope this classification will be useful in searching for a microscopic 2D statistical
model which realizes superconformal invariance. Up to now only the tricritical Ising model (m = 3) fits the
classification {4,5] and for m = 4 there are attempts with the Ashkin-Teller model [9] and the gaussian
model [10].

Claude Itzykson and Jean-Bernard Zuber are acknowledged for good suggestions and discussions. The.
Angelo Della Riccia foundation is also acknowledged for partial support.
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